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We show how a cosmological constant  may drive high frequency oscilla-
tions in the metric, with an amplitude proportional to
p
 and a frequency of
order the Planck scale. Theories with higher powers of the curvature in the
action have generic solutions of this type. This leads to the idea that the decay
of these oscillations through particle production can cause a relaxation of an
eective  towards zero. We develop this picture in the context of a warped
Kaluza-Klein theory in ve dimensions, which supports a range for the eec-
tive 4D . We discuss the interplay between the oscillations and cosmological
expansion and conclude that the oscillations could exist at present. Possible
implications for ultra-high energy cosmic rays are also discussed.
In this paper we shall continue our investigation of a class of generic solutions to
general gravitation actions, namely metrics with an oscillating dependence on one or
more coordinates. The action will contain higher powers of the curvature tensor, as
are expected to arise in a derivative expansion of some underlying theory. We shall
proceed to describe the following cases.
1. time-dependent oscillations in 4D
2. time-dependent oscillations in 5D
3. y-dependent oscillations in 5D
4. the combination of (2) and (3).
Our earlier work [1] has been concerned with the third case, where y is the coordinate




Here we point out that time-dependent oscillations can arise in a similar way, and
that they can arise most naturally in the ve dimensional context.
It appears that the fourth case, a combination of t-dependent and y-dependent
oscillations, is of the most interest for the cosmological constant problem. This picture
has the following features.
1. There is a family of singularity free solutions parameterized by an eective 4D
cosmological constant  > 0.




3. The source of the oscillating gravitational eld involves, besides , the positive
kinetic energy contribution of a massless scalar eld.
4. The decay of the oscillating gravitational eld through particle production
causes a relaxation of  towards zero.
The relaxation of the amplitude of rapid metric oscillations appears distinctly dif-
ferent from various other attempts at relaxation mechanisms involving slowly evolving
and nearly constant scalar elds. Weinberg’s no-go theorem [2] shows that some ne
tuning is required if the extremum of an action involving constant elds is to give flat
space. This is not relevant for our discussion since our picture involves a family of
solutions and a decay process, and derivatives of the oscillating elds are not in any
way suppressed.
One of the features of our picture is that the size of the compact space is xed;
the inclusion of higher derivative terms makes it clear how Planck scale physics can
resolve the radius stabilization problem of the original Kaluza-Klein picture. This
allows standard cosmological evolution to emerge in a more natural way.
The fact that a cosmological constant can drive oscillations does not preclude it
from driving exponential expansion as well. We show that a two parameter family of
solutions exists for which expansion and oscillation can coexist. In fact the existence of
exponential expansion excludes a range of oscillation amplitudes, and in this context
we propose a slow fluctuation-induced decay mechanism for both the expansion and
the oscillation.
It is interesting to note that the decay process should pair-produce particles with
roughly Planck scale energies. The quarks will fragment into jets of particles with
a wide range of energies, and we discuss this as a model for the origin of ultra-high
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energy cosmic rays above the GSK cuto. And in turn we obtain an upper bound on
the rate of decay of the present cosmological constant.
Our study will involve a small amplitude expansion of the equations, and this
complements the more numerical analysis in our previous work. The expansion tech-
nique allows us to approach the solutions in situations where the exact solution is
dicult to nd numerically. In particular we have numerically analyzed the solutions
only in the rst and third cases listed above.
1 Time-dependent oscillations in 4D
We rst introduce t-dependent metric oscillations in a purely four dimensional con-
text. We consider the following metric,
ds2 = −dt2 + eB(t)gij dxidxj , (1)






−2 + R + a R2 + bRµνRµν + c RµνλκRµνλκ +   + L
)
, (2)
with arbitrary powers of the curvature. We assume that L contains a free massless
scalar eld and in particular contributes to Tµν as ρ = p =
1
4
_φ2 + C. C is some
additional constant contribution, perhaps arising as a self-consistent Casimir eect.
We seek solutions with periodic and smooth B(t).
We shall assume that the amplitude ε of the B(t) oscillations is small, and thus
we approach the problem by expanding in powers of this amplitude. The solutions
we nd have the property that the sources of the gravitational eld, , 1
4
_φ2M−2Pl , and
CM−2Pl , are all of order ε
2M2Pl. (In the following, M
−2
Pl factors will be absorbed into
_φ2,















where ν = 3a + b + c and the νk,i are various combinations of coecients of terms
higher order in R. This clearly has sinusoidal solutions B(t) = ε cos(ωt) as long as
the polynomial





(−1)kνk,i ω2k = 0 (4)
1Our convention for the signature of the metric is (−, +, . . . ,+) while the Riemann curvature
tensor is dened by −Rκλµν  ∂νΓκλµ − ∂µΓκλν + ΓκρνΓρλµ − ΓκρµΓρλν . Our sign convention for  has
changed from [1].
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has at least one real root. Thus for a range of parameters in the original action (no
ne tuning) it appears that such solutions exist. We shall see how the amplitude ε is
determined at next order in the expansion.
We are therefore suggesting that there are generic solutions of this type to ar-
bitrary order in a derivative expansion. We view the derivative expansion and its
associated generic solutions as indicative for what can happen in a true theory of
Planck scale physics.
To obtain more explicit results we shall henceforth drop the terms in the action
at order R3 and higher. It should be clear that the existence of the solutions does
not depend on this truncation. Our quantitative results certainly are sensitive to the
truncation, but we expect that the qualitative picture is not. We emphasise that we
are not expanding in powers of small derivatives; and the higher derivative terms in
the equations are just as important as lower derivative terms.2





At order ε2 we introduce the next Fourier mode
B(t) = ε cos(ωt) + b2ε
2 cos(2ωt), (6)
and the eld equations at this order are satised by
ε2 = −16
3
ν, b2 = − 3
16
, _φ2 + 4C = 4. (7)
Thus we see how ε is determined. Since ν > 0 we also see that  < 0. Now expanding
to third order we have
B(t) = ε cos(ωt)− 3
16











, h3 = −45
64
, h03 = −3. (11)
Only at this order does a time dependence of _φ appear, thus showing the necessity of
a dynamical eld in addition to gravity. Note that the correction to the frequency is
2The usual procedure of using equations of motion at low order in a derivative expansion to
simplify the analysis at higher order does not apply here.
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of order ε2 rather than ε. A numerical analysis of the full equations shows that there
really is an exact solution that is being approximated here, and such a solution exists
as long as 0 < −ν < 1
24
.
We see the rst instance of a generic feature of oscillating metric solutions, namely
that the square of the oscillation amplitude ε is proportional to the cosmological
constant. But the C parameter introduces a puzzle, as can be seen by considering
the leading order ε2 contributions to Tµν .
ρ =  +
1
4
_φ2 + C = 2 < 0 (12)
p = − + 1
4
_φ2 + C = 0. (13)
Thus the required Tµν violates various positive energy conditions [4]; in other words
it is dicult to see how the required negative C can arise. Perhaps this apparent
diculty is an artifact of our truncation of the action beyond the R2 order, but we
shall not pursue this possibility here.
2 Time-dependent oscillations in 5D
We shall now consider the addition of a compact fth dimension, and consider a
metric of the form
ds2 = −dt2 + eB(t)δijdxidxj + eC(t)dy2. (14)
At rst order in εt (we attach a subscript to distinguish εt from εy in the next section),
B(t) = εt cos(ωtt), C(t) = εtη cos(ωtt). (15)
There are two solutions to the eld equations,




and η = −3, ωt = 1p
3µ− 16ν . (16)
Now the relevant combinations of R2 terms in the ve dimensional action are
µ = 16a + 5b + 4c, (17)
ν = 3a + b + c, (18)
λ = 5a + b + 1
2
c. (19)
ν corresponds to the Weyl-squared term while λ, corresponding to the Gauss-Bonnet
term, appears at order ε3t .
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The rst solution is completely analogous to the previous case and it will lead to
the same problem. Thus we consider the second solution and continue the expansion
to order ε3t .
B(t) = εt cos(ωtt) + b2ε
2
t cos(2ωtt) + b3ε
3
t cos(3ωtt) (20)
C(t) = εtη cos(ωtt) + c2ε
2





3µ− 16ν (1 + d3ε
2
t ) η = −3(1 + d03ε2t ) (22)
b2 = c2 = −3
4
8ν − µ






_φ2 =  (24)
Here  denotes the 5D cosmological constant and the explicit results for the constants
b3, c3, d3 and d
0
3 are given in the Appendix. We see that
_φ2 remains constant at this
order, unlike the previous case, but this is not expected to hold at higher orders.
More importantly, from the results for ωt and ε
2
t we see that 3µ − 16ν and  must
both be positive, and thus we get a consistent result for _φ2 without any additional ad
hoc contribution to Tµν . The various leading contributions to Tµν give ρ = 2 > 0
and p = py = 0. The welcome change of sign has occurred through the introduction
of an oscillating extra dimension.
We are now led to speculate about some kind of relaxation mechanism for the
cosmological constant, given that the latter is tied to the amplitude of an oscillating
eld. If the latter could decay away through particle production, then the cosmo-
logical constant may be taken to zero with it. But this can’t happen in the present
picture because we only have a 5D , and it is xed. We need some way to make an
eective 4D  adjustable, and to have that tied to t-dependent oscillations.
3 y-dependent oscillations in 5D
With this in mind we turn to the y-dependent oscillation, with a metric of the form
ds2 = eA(y)ηµνdx
µdxν + dy2. (25)
We search for a solution in which A(y) is periodic, in which case we can identify
the y coordinate after one period to form a compact space.3 In this way the size
of the compact space, the period, is dynamically determined, and there is no radion
3This is the topic of our previous work [1], in which numerical solutions of this type were studied
in detail.
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stabilization problem. In other words, a scale factor introduced as dy2 ! κ2dy2 is
without physical meaning, since it would result in the period of A(y) being scaled by
κ−1. The physical size of the compact space, the product of scale factor and range of
y, remains the same.




φ02+C. We again introduce a constant C as a possible Casimir eect, and shall
return to its role later. It will turn out that the scalar eld φ(y) is also compact, with
the solution determining the range over which it varies. Thus we have a dynamical
generation of a compact internal space, in parallel with the dynamical generation of
a compact fth dimension. No ne-tuning of parameters in the action is required for
either.
We have the following results at order ε3y.































The expressions for ωy and ε
2
y indicate that µ must be negative and  must be positive.
The leading contributions to Tµν give ρ = p = 0, py = −2. Thus we start with a
positive 5D , but the eective 4D eff vanishes.
Not surprisingly, it is also true that there are other solutions in which eff is
nonvanishing.4 In other words, we now have a situation in which eff is adjustable,
by choosing solutions with dierent warpings of the fth dimension. The problem
here is that we don’t know why or how the system would relax to the vanishing eff
solution.
It is unclear whether a negative pressure in a fth dimension should be considered
unphysical, but it is less of a concern for the following reason. Even though a small
5D  is convenient for our expansion, there is no reason that it should be small (in
Planck units). When  is not small and a higher derivative scalar term is included
there are periodic solutions that do not require the ad hoc C contribution [1]. The
required Tµν , in that case strongly y dependent, arises explicitly from the scalar eld
conguration.
4We have numerically studied exact solutions of this type [3].
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4 y and t-dependent oscillations in 5D
Now we are clearly motivated to combine the two previous cases for t and y oscil-
lations, which both required a positive 5D . The hope is that the adjustable eff
can be tied to the amplitude of t-dependent oscillations, thus providing a relaxation
mechanism. The metric at rst order in εy and εt takes the form
ds2 = −eA(y) dt2 + eA(y)+B(t) δij dxidxj + eC(t) dy2, (31)
A(y) = εy cos(ωyy) B(t) = εt cos(ωtt) C(t) = −3εt cos(ωtt), (32)






3µ− 16ν . (33)
The range of y is determined by ωy, but the size of the compact space oscillates in
time with frequency ωt.
At next order in εt and εy the nonlinear eld equations induce a mixing between
the t and y dependent terms, and thus the metric must take a more complicated form,
ds2 = −eA(y)+E(y,t) dt2 + eA(y)+B(t)+F (y,t) δij dxidxj + eC(t)+G(y,t) dy2. (34)
At second order we nd
A(y) = εy cos(ωyy) + a2ε
2
y cos(2ωyy) (35)
B(t) = εt cos(ωtt) + b2ε
2
t cos(2ωtt) (36)
C(t) = −3εt cos(ωtt) + c2ε2t cos(2ωtt) (37)
E(y, t) = e2εyεt cos(ωyy) cos(ωtt) (38)
F (y, t) = f2εyεt cos(ωyy) cos(ωtt) (39)
G(y, t) = g2εyεt cos(ωyy) cos(ωtt). (40)
a2, b2 , and c2 are as before, f2 and g2 are given in the Appendix, and e2 remains











φ02 + 4C = −4 + 3ω2t ε2t , (42)
_φ2 = 3ω2t ε
2
t , (43)
5The value of e2 does not aect 5D curvature invariants at this order, and its value, given in the
Appendix, is determined at third order in the expansion.
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where ωy and ωt are the rst order values in (33).
The main point here is that solutions exist for a range of εt. For each such solution
there is a positive eective 4D cosmological constant, which we now denote by osc
to emphasize that it is driving t-dependent oscillations.









We have seen such a relation before, but now osc parameterizes a family of solutions
rather than being a fundamental constant. The resulting Tµν is
ρ = osc +
1
4
_φ2 = 2osc > 0, (45)
p = −osc + 1
4
_φ2 = 0. (46)
The 4D osc appears here rather than the 5D ; the latter drives the warping of the
fth dimension, and it appears in py = −2 + 2osc.
We emphasize that these results for Tµν have nothing to do with Einstein tensor,
Gµν , since Einstein equations have been modied by the R
2 terms. For example,
when averaging over the fth dimension we nd
G00 = −2osc sin2(ωtt). (47)
This could perhaps be interpreted as an \eective" energy density obtained by com-
bining the contributions from the R2 terms together with the actual contributions to
Tµν .
We have extended the ε expansion to third order, although it becomes quite
cumbersome at this order. We nd for example that the frequencies of oscillation


















The third order corrections involving terms with purely t or y dependence are as
in the previous sections (η is as in (22), the RHS of (42) is multiplied by the same
(1+d
0
3εycos(ωyy)) factor appearing in (28), and (43) is not corrected).
6 The third order
corrections involving a product of t or y dependence are contained in the following.
F (y, t) = f2εyεt cos(ωyy) cos(ωtt) (50)
6These results are consistent with φ(t, y) = φ1(t) + φ2(y), but alternatively there could be two




yεt cos(2ωyy) cos(ωtt) + f^3εyε
2
t cos(ωyy) cos(2ωtt)
G(y, t) = g2εyεt cos(ωyy) cos(ωtt) (51)
+ g3ε
2
yεt cos(2ωyy) cos(ωtt) + g^3εyε
2
t cos(ωyy) cos(2ωtt) + ~g3ε
2
yεt cos(ωtt).
The expressions for the coecients are given in the Appendix.
5 Decay and Cosmology
Since the time oscillations are driven by a positive contribution to the energy density
(45) the oscillating metric of (34) is unstable against relaxing toward the 4D-flat met-
ric (25). The oscillating small amplitude correction to the flat space metric resembles
a graviton with an eective 4D momentum pµ  (ωt, 0, 0, 0) far o the mass shell.
There should be an imaginary correction to the graviton polarization operator since
the frequency ωt  MPl is far above the threshold for pair production of most matter
elds (and gravitons). This imaginary part modies the equation that determines
B(t) and should generically produce a damped oscillatory behavior, analogous to the
decay of an inflaton that is coupled to lighter elds in the theory of inflation [6].
In any case it appears that the decay of the oscillations is extremely rapid. This
decay process produces particles of Planck mass energies at the expense of a decrease
in the scalar eld energy contained in both _φ2 and φ02. It is also accompanied by a
small change in the size of the compact space, as implied by (49).
We now turn to the eects of matter and cosmological expansion, and we shall nd
that they have a rather surprising impact on the t-dependent oscillating solutions.
In general the introduction of an ordinary matter contribution to Tµν will result in
a slowly varying (in Planck units) dependence on xµ. Our expansion should then be
generalized to encompass a xµ-derivative expansion as well. If we denote quantities
of order ∂µ/MPl by εx then we shall require that εx  εy. This is to ensure that the
perturbations due to matter are smaller than the eects which determine the warping
of the extra dimension. When εt = 0 in addition, it is clear that Einstein equations
emerge at leading order in εx, with the added constraint that the size of the compact
dimension is xed.7
We contrast this picture to standard Kaluza-Klein cosmology, where two t-dependent
scale factors govern the evolution of the size of the large spatial dimensions and the
compact space respectively [5]. As described in section 3 the second scale factor is not
an independent dynamical quantity in our picture given that the size of the compact
7Feedback from the matter on the warping and size of the compact space could produce fractional
shifts suppressed by (MPlt)−2, which are miniscule at all but very early times.
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space is already determined. This makes a standard cosmological evolution more
natural. For example a power law scale factor a(t) = tα for the three large spatial







where p = wρ. For a given w the time dependence of ρ and p is determined, as is the




(3w − 1)ρ. (53)
This is a direct result of 5D Einstein’s equations, which govern the long-wavelength
physics, when the compact dimension has xed size. The εx  εy condition ensures
that pyjmatter is small compared to the order εy contribution to py; the latter is −2
which drives the warped compactication in the rst place.
We now wish to consider the eect of the cosmological expansion on the t-dependent
oscillations. Although these two types of t-dependence are very dierent, being \short
wavelength" and \long wavelength" respectively, they are equally important in the
full equations if εt  εx. If we introduce the scale factor f(t)  2 ln(a(t)) into the
metric (34) as B(t) = εt cos(ωtt)+f(t), there are cross-terms of the form _f(t) sin(ωtt)
in the full equations that do not cancel. They cannot be canceled by ordinary matter
eects because we are assuming that the latter is \long wavelength". We therefore
introduce the following dependence on f(t).
B(t) = εt cos(ωtt) + f(t) + b4εt _f(t) sin(ωtt)/ωt (54)
C(t) = εt cos(ωtt) + c4εt _f(t) sin(ωtt)/ωt (55)























d4 = 6 (57)




and the expansion makes sense in the situation of interest, εt  εx  εy.





Thus the amplitude of oscillations is bounded from below in an expanding universe.
This would seem to imply that we have an obstruction for the complete decay of the
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oscillations. One caveat though is that the decay process is fast, and our present
analysis does not directly apply in a case of rapid evolution. Also for power law
cosmological expansion (58) seems to imply that εt could relax with _f  1/t, but
here again our equations do not account for such variations in εt.
We therefore focus on the particular case of constant _f . This is the case of an
exponential expansion occurring simultaneously with the oscillations, in the absence
of matter. If we write the scale factor as f(t) = 2t
√
exp/3 then the total 4D cosmo-
logical constant is exp +osc, where osc drives the t-dependent metric oscillation as
before. The eld equations will be modied by new terms arising from the constant
4D curvature, and this will modify the results in (41{43). The new results where (44)





(2− 2osc − 3exp), (59)
φ02 + 4C = 4(− + osc + exp), (60)
_φ2 = 4osc + 8
√
oscexp sin(ωtt). (61)
The leading contributions to Tµν are now
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ρ = 2osc + exp + 2
√
oscexp sin(ωtt), (62)
p = −exp + 2
√
oscexp sin(ωtt). (63)
These results indicate that there is a two parameter family of solutions parame-
terized by osc and exp. Continuous deformations of the warping of the metric in
the fth dimension and the scalar eld conguration relate solutions with diering
amounts of oscillation amplitude and exponential expansion rate. The parameter re-
gion is bounded by the two lines of solutions, pure oscillation (osc > 0, exp = 0)
and pure exponential expansion (osc = 0, exp > 0). This is pictured in Fig. 1 as a
function of the quantities ε2y and φ
02 which govern the y dependence of the solution.
Within this region both osc and exp are positive.
The constraint in (58) now reads osc > 4exp. This means that oscillating solu-
tions can only be found on the smaller piece of the wedge in Fig. 1. The rapid decay
process we have discussed can cause such a solution to move along a line of constant
exp to the osc = 4exp edge.
It is of interest to consider the stability of the solution on this edge. The result
for ρ in (62) , when time-averaged, indicates that there are constant energy δρ = 0
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Figure 1: osc and exp are both positive within the wedge as indicated. Matter-free
solutions exist within the thin wedge, osc > 4exp. A fluctuation-induced decay
process is also indicated. ε2yω
2
y and φ
02 characterize the y dependence of A(y) and
φ(y) in the 5D solution, and they are given in Planck units.
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fluctuations with δexp  −2δosc. A fluctuation involving an increase in exp is
blocked since osc cannot decrease further. A fluctuation involving a decrease in exp
on the other hand may lead to a permanent decrease in exp, since the created osc
can decay away through particle production. This type of fluctuation-induced decay
mechanism is pictured in Fig. 1, and it could cause both exp and osc to gradually
decrease. Once they reach zero the process stops.9 We note that part of the dynamics
of this process may be tied up with spatial inhomogeneities that develop.
Thus there appears to be a route by which the positive energy inherent in a
cosmological constant driving exponential expansion can be released to matter energy.
In the next section we shall obtain a constraint on how fast this process can be, should
it be occurring at present.
6 Cosmic Rays
If osc and exp are nonzero today, then a slow fluctuation-induced decay process can
be a source of ultra-high energy cosmic rays. An initial quark of energy E0  MPl
will fragment into a jet of particles, including protons, with a wide range of energies.
The observed flux of ultra-high energy cosmic rays, assumed here to be protons, can
then set a bound on rate of production, or equivalently on the rate of decay of the
eective vacuum energy density, ρvac.
10 We estimate the flux of protons above some
energy E> by
J>  14pi _ρvacE−10 `N>. (64)
N> is the number of protons with energy E > E> in a jet produced by the initial
quark of energy E0  MPl. ` is the mean free path of these protons due to scattering
from the cosmic microwave background radiation [7]. When E>  1011 GeV then `
is approximately a few tens of Mpc [9]. This is just above the expected but not seen
GZK cuto [7], which is avoided here by high energy protons originating within a
distance ` of us.
We shall obtain an estimate of N> from the perturbative analysis of multiparticle
production in jets based on the modied leading log approximation (e.g. [10]). The
resulting \limiting spectrum" is known but since the initial quark energy is so high,
τ  ln(E0/QCD)  1, we may simplify further with a Gaussian representation. We
9When ordinary matter also contributes to cosmological evolution, exp could conceivably go
negative.
10 ρvac is the time-averaged ρ in (62) with the M2Pl factor reinstated.
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16Ncτ/b, C = a
2/(16Ncb), 3b = 11Nc − 2nf , and 3a = 11Nc + 2nf/N2c .
We also note that a Gaussian spectrum resembles the results from Monte Carlo sim-








where B = a/b. This gives N  7  105. Assuming that 5% of the energy from
each initial quark emerges as protons, these results imply that N>  3000 for E> =
1011 GeV and nf = 6. This value for N> triples when the O(τ−1/2) corrections in (66)
are absent. Another indication of the sensitivity of the result to the approximation is
that no single value of nf is actually correct over the range of energies involved, and
N> ranges from 1400 to 6000 as nf ranges from 3 to 8. This last result also shows
how N> can be strongly aected by new physics beyond the standard model.
The observed integrated flux of cosmic rays with E > 1011 GeV is approximately
2 10−20 cm−2 s−1 sr−1 [12], and so (64) and N>  3000 implies that
_ρvac < 3 10−53 g cm−3 s−1. (68)
Thus the current vacuum energy density of the universe, assumed to be about two-







where tuniverse  14 Gyr is the age of the universe.
If this limit is saturated then we have a model for the ultra-high energy cosmic
rays. The spectrum in (65) implies a hard energy spectrum dN/dE  10−α with
α  1.2 at the relevant energies. The observed flux spectrum dJ/dE is modied by
the rapid decrease of the mean free path by almost a factor of 100 between 41010 <
E < 1011 GeV (the GSK cuto). The frequently plotted E3dJ/dE thus rises for
E < 4  1010 GeV, drops for 4  1010 < E < 1011 GeV, and continues to rise for
E > 1011 GeV. This behavior is a simple consequence of a hard initial spectrum of
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protons produced uniformly throughout space, and is quite consistent with the data
above 1010 GeV. Below 1010 GeV the observed flux rises much faster with decreasing
energy, and some other source for cosmic rays must dominate.
This picture is similar to models involving decay of supermassive long-lived par-
ticles [13, 14, 15]. The primary dierence is that the supermassive particles tend to
congregate in the galactic halo, and this produces a \galactic" component to the sig-
nal in addition to a possible \extragalactic" one. But the galactic component would
not produce a dip in the spectrum, and it would produce some amount of large scale
anisotropy [14, 15]. In our picture the absence of a galactic component is natural.
On the other hand there remains the question of just how spatially uniform the fluc-
tuation induced decay mechanism would be. It is an interesting question whether
localized \hot spots" could develop with separations smaller than `, given that there
are indications of small angle clustering of events above the GSK cuto [16].
The production of cosmic quark jets also ties in with another mechanism for
producing air showers above the GSK cuto, this time involving jets produced outside
the `3 volume. This is because quark jets contain neutrinos, and these energetic
cosmic neutrinos have some probability for producing Z-bursts within the `3 volume,
as they travel towards us [17]. In particular neutrinos with energy within δE/ER =
ΓZ/MZ  3% of the Z-resonance energy ER = 4 (eV/mν) 1012 GeV may annihilate
with an enhanced cross section on the nonrelativisitic relic antineutrinos (and vice
versa) to produce the Z. We estimate (with the same uncertainties as before) that
the number of neutrinos in this energy band, produced per quark jet, ranges from 300
to 1100 as ER ranges from 10
13 to 1011 GeV. The probability for such a neutrino to
produce a Z-burst within the `3 volume is in the range 0.025% to 1%, depending on
the relic neutrino clustering [17]. On the other hand there is an enhancement factor
of about 100 for the neutrino flux relative to the direct proton flux since the former
originates from the whole Hubble volume. Each Z-burst produces a couple of protons
with typical energies Ep  ER/30, and thus this mechanism produces protons peaked
in a fairly narrow energy range. It may even be of interest if this peak was somewhat
below the GSK bound, where the protons-from-jets mechanism was decient.
7 Conclusion
The detailed results of this paper have relied on a truncation of the higher deriva-
tive terms to the R2 order. Consideration of higher order terms may open up even
more possibilities, but they should not qualitatively change the possibilities we have
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discussed. These possibilities should also exist for the true underlying theory.
We have also used a small amplitude expansion to study the solutions. Small
values of εt and εx are certainly justied, but we have mentioned that a small εy may
not be justied (since it corresponds to small 5D ) or desirable (since it required a
C). But the basic picture does not require a small εy, as indicated by our numerical
work [1] for general εy with εt = εx = 0.
It is natural to consider higher powers of curvature in the action in higher dimen-
sional theories if the size of a compact space is of order the Planck scale. We have
seen that an oscillating dependence on the extra dimension corresponds to a warping
of the original Kaluza-Klein picture in a way that dynamically determines the size
of the space. This resolves a ‘moduli problem’ that arises from the application of
a low energy theory (containing the Einstein term only) at Planck scales. Warped
Kaluza-Klein theories have a range of warped solutions and a corresponding range
for the eective 4D cosmological constant.
The main point of this paper is that the response to this 4D cosmological constant
need not be purely exponential expansion, but there can instead or in addition be a
t-dependent oscillation, of Planck scale frequencies, involving both the scale factor of
the large spatial dimensions and the size of the compact space. We have noted the
tendency of these oscillations to decay rapidly through particle production, accom-
panied by an adjustment of the 5D conguration and the eective 4D cosmological
constant. We have discussed in detail the link between the oscillation amplitude and
the 4D cosmological constant.
We have also noted a certain obstruction to a rapid decay, with the implication
that for an exponential cosmological expansion there can remain a high frequency,
small amplitude oscillating component of the metric. But the associated instability of
this conguration due to fluctuations and further decay suggests a gradual release of
the total eective vacuum energy into extremely energetic cosmic rays. Further work
is needed to obtain more understanding of the dynamics and time scale involved in
this mechanism.
Appendix
In this appendix, we list some of the more cumbersome coecients of the higher order
terms in the various small amplitude expansions. In the solution to the 5D metric
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with only time dependence, (20){(24), we have
b3 =
−15λµ2 + 239µλν + 30µ3 − 1018νµ2 + 9780µν2 − 912λν2 − 27648ν3
432ν(224νµ− 15µ2 − 768ν2) (70)
c3 =
30µ3 − 15λµ2 + 722νµ2 + 179µλν − 15132µν2 − 336λν2 + 55296ν3
432ν(224νµ− 15µ2 − 768ν2) (71)
d3 =
97µ2 − 5λµ− 1452νµ + 4992ν2 + 48λν
4(224νµ− 15µ2 − 768ν2) (72)
d03 =
−λ + 2µ− 9ν
6(µ− 6ν) . (73)
In the metrics with both t and y dependence, at second order, the coecients of the
mixing terms (39){(40) are
f2 =
−13824ν2 + 5124µν − 32λµ + 192λν − 477µ2
6µ(3µ− 16ν) (74)




3 − 24648µ2ν + 128064µν2 + 3072λν2 + 112λµ2 + 1575µ3 − 1152νλµ
2µ2(3µ− 16ν)
The third order corrections (48){(51) have the following coecients.
d^3 =
(
−1536νλ2 − 80448νλµ− 783558µ2ν + 256µλ2 + 7344λµ2 + 221184λν2(76)






50085µ3 − 814086µ2ν + 7344λµ2 − 80448νλµ + 256µλ2 + 4409856µν2(77)






15925248ν4 − 10215936µν3 + 207360µλν2 + 6165µ4 (78)
+4864µ3λ + 256µ2λ2 − 218382µ3ν − 1536µνλ2 − 221184λν3






285273µ5 − 859963392ν5 + 135168νµ2λ2 − 741888µν2λ2 (79)
+65992320µλν3 − 19152288µ2ν2λ + 2479416µ3λν + 1354752ν3λ2
−8192µ3λ2 − 120780µ4λ + 69600906µ3ν2 − 7035288µ4ν
− 85598208λν4 + 860087808µν4 − 345400308µ2ν3
) /
(




−36720677376µ2ν5 + 199247877µ5ν2 − 11515515µ6ν + 640µ5λ2 (80)
+29098µ6λ + 10818446400µ3ν4 + 282591µ7 − 55037657088ν7
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+1528823808ν6λ− 10616832ν5λ2 − 1901363418µ4ν3 − 1132452µ5λν
−146614464µ3λν3 − 25344µ4νλ2 + 17867184µ4λν2 + 68860772352µν6
−1569964032µν5λ− 2566656µ2ν3λ2 + 662611968µ2ν4λ + 372480µ3ν2λ2
+ 8404992ν4µλ2
) / (




7735005µ6 + 110075314176ν6 + 131254272ν3λ2µ + 4668928µ3νλ2 (81)
−219392µ4λ2 + 4215635712λν3µ2 − 10733617152ν4λµ + 81818128µ4λν
−37174272ν2λ2µ2 + 2793157068µ4ν2 − 3233928µ5λ− 227538114µ5ν
+67677175296ν4µ2 + 10956570624ν5λ− 133596905472ν5µ
− 173408256ν4λ2 − 18316369656µ3ν3 − 829677504µ3λν2
) /
(




2332845µ8 − 5361075486720µν7− 97844723712λν7 + 70400µ6λ2 (82)
+3522410053632ν8 + 277363541376µ4ν4 − 37624542552µ5ν3
+1351640µ7λ− 132976434µ7ν − 1262573733888µ3ν5
+3486633984000µ2ν6 + 3049013340µ6ν2 − 45487152µ6λν
−721944576µν5λ2 + 679477248ν6λ2 + 646135872µ5λν2
−1927680µ5νλ2 − 5107325184µ4λν3 + 126977310720µν6λ
+376012800ν4µ2λ2 + 20788224µ4ν2λ2 + 24644653056µ3ν4λ
− 116299776µ3ν3λ2 − 73583493120µ2ν5λ
) /
(




9243µ4 + 5308416ν4 − 3072ν2λ2 + 1335540µ2ν2 − 88704µλν2 (83)
+1280µνλ2 + 18032µ2λν − 4359168µν3 − 1244µ3λ− 128µ2λ2
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